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Ecihk KB. 



O ^HHaMHHeCKHX IIOTOKaX 



Pe3WMe: Hccne/iyeTca B03MO>KHOCTb 4>H3HHecKOH HHTepnpeTauHH BeicropHbix noneM 
eBKJIHAOBBIX npocTpaHCTB 

0. IIpeABapHTejibHafl nH(|)opi\iamm 

Othochtcjibho HeKOTopBix anreSpaHHecioix acneKTOB AaHHofi CTaTBH comjieMca Ha 
[1]. Kacaacb o6o3HaHeHHH h TepMHHOJiorHH, npHHHMacM, hto E- n-MepHoe 
eBKJiHAOBO npocTpaHCTBO, (e,) 7 - ero 6a3nc; f m e A m E* , r^e A m E* - npocTpaHCTBO 

m -<J)opM, a A m E - npocTpaHCTBO m -BeKTopoB; HaKOHeu,, AHHaMHHecKHM noTOKOM 
Ha30B6M rnaAKoe ceneHHe TpHBHanBHoro KOBeKTopHoro paccnoeHHa E, T.e. 
(ExE*,a(^):E^E*). 



1 . H3MepeHHe aHHaMHHecKHx noTOKOB 



Ecjih nonaraTB, hto A m E, A m E* - npocTpaHCTBa npnSopoB h bo3,h,chctbhh Ha 
npnSopBi, to (|»yHKHHOHajiBi cbcptkh h cicajiapHoro nporoBeAeHHa sthx npocTpaHCTB 
AonycicaiOT onpeAeneHHyio "4)H3HHecKyio" HHTepnpeTauHio. KpoMe Toro, t.k. 

CBCpTKH H CKanapHBie npOH3Be,ZjeHHa HaXOAaTCa B OAH03HaHHOM COOTB6TCTBHH, TO 

AOCTaTOHHO orpaHHHHTtcfl "(})H3HHecKOH" HHTepnpeTauHeH CKajiapHoro 
npoH3BeAeHHa sjicmchtob A m E*. HTaK, earn a m ,b m & A"'E* , to nonaraeM, hto 

■A, ft] 7 ft] I u ft] ,-- T Ml A 111 I ^ tTI ^ ftl \~ 

a ,b ) - Mepa B03AeHCTBHa a Ha npnoop b , a \ = {a ,a ) 2 - HopMa 



B03AeHCTBH3 CI 



(b m ,b m ) 2 - HopMa npnSopa 6™, a b m i"' = V ' ' 



HopMajiH30BaHHaa Mepa B03AeHCTBHfl a m HanpnGop b m . 

B COOTBeTCTBHH C TaKOH HfleOJIOrHeM npOH3BOAHTCa H3MepeHHe H AHHaMHHeCKHX 

noTOKOB. TaK, ecjiH a- KOBeKTop JiHHeHHoro noTOKa, b"~ ] - (n -l)-(f>opMa 
jiHHeHHoro (n-l)-npH6opa (accouHnpyeTca c opneHTHpoBaHHtiM (n — l)- 

napajuiejienHneAOM), to CKanapHoe npoH3Be,a,eHHe {a*!?"' 1 ) HHTepnperapyeTca KaK 
Mepa noTOKa, HH/iyinrpoBaHHoro b cooTBeTCTByiomeM npn6ope. 3aMeTHM npn 3tom, 
hto * - onepaTop ,nya.iiH3aHHH, a HMeHHO, * : A m E* — >A"~ m E* :i(()x m ), r,a,e £ - n- 
(})opMa oSbeMa, a : A m E* — > A m E - onepaTop conpaaceHHa m -<J)opM h m - 

BeKTOpOB, npHHeM B eBKJlHfl,OBOM npOCTpaHCTBe C nOJIO)KHTeJIbHOH cnrHaTypoH OH 

oSpamaeTca b onepaTop OToacAecTBJieHHa. Hapa/iy c Mepofi noTOKa cneAyeT 
paccMaTpHBaTb HopMy noTOKa, HopMy npnSopa h HopMajiH30BaHHyio Mepy noTOKa. 
IlpocTpaHCTBeHHbiMH npn6opaMH jxjisi H3MepeHHa AHHaMHHecKHx noTOKOB cnyacaT 
HHTerpanbHbie noBepxHOcra, noaTOMy HHTerpanbHbie cyMMbi: 

\(a{x)*(b n - l \ \\(b n - 1 , \\\a{x)*a> n - l \\, 
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r^e ft)" -1 - AH(})(|»epeHii,HajiBHbiH sjicmcht noBepxHOcra Q. n _ x , T.e. (n -l)-(})opMa, 
accou,HHpoBaHHaa c npeAenBHBiM sjicmchtom 0. n _ x , Ha3BiBaK)Tca HHTerpajibHOH 
Mepofi noTOKa, HHTerpajiBHoii hopmoh npn6opa h HHTerpajibHOH HopManH30BaHHOH 

MepOH nOTOKa COOTBeTCTBeHHO. 

3aMeTHM npn 3tom, ^to BcaKaa (n -l)-noBepxHOCTB, 3KBHBaneHTHa 

COOTB6TCTByK)ILI,CH KaHOHHHCCKOH (ft — l) -IIOBepXHOCTH, a HMeHHO, (j)OpMajIBHOH 

cyMMe cneTHoro HHCJia npeAenBHBix KaHOHnnecKHx rpaHeM, T.e. (n — l)- 
napajuiejienHneAOB, nocTpoeHHBix Ha 6a3Hce h OTHeceHHBix b oSnacTB jioKanroauHH 
noBepxHOcra. 

2. XapaKTepncTHKH AHHaMHHecKoro noTOKa 

,3,ajiee ana onpe/iejieHHOCTH cwraeM E HCTHHHO-eBKJiHflOBbiM npocrpaHCTBOM, a 
H3BecTHbie xapaKTepncTHKH BEKTopHBix noneM eBKJiHAOBtix npocTpaHCTB nepeBOAHM 

Ha "33BIK AHHaMHHeCKHX nOTOKOB". 

HTaK, AH(J)(|»epeHii,HajibHbiMH xapaKrepncTHKaMH /niHaMHHecKoro noTOKa aBJiaiOTca 

3a ( (x) da j (x) 

KpHTepHH JIOKajIbHOH 3aMKHyTOCTH '. KOCaa 3aMKHyTOCTb = H 

dxj dx t 

' = , a TaKMCe KpHTepHH JIOKajIbHOH yCTOHHHBOCTH: 

( \ 3<p(x) \-d 2 <p(*) n 

JiaMHHapHOCTb « ( . [X)= H rapMOHHHHOCTb > - — = . 

ax i i dx t 

B cbok) onepeAb, HHTerpajibHbiMH xapaKTepHCTHKaMH AHHaMHHecKoro noTOKa 

flBJI3K)TCfl KpHTepHH HHTerpajibHOH 3aMKHyTOCTH! HHpKyjiaHHOHHaa 3aMKHyTOCTb 

|(«(x)i)=o, 

*1 

r,a,e 4>j- npoH3BOJibHafl 3aMKHyraa KpHBaa, a - ee AHtjx^epeHHHajibHbiH 3JieMeHT, h 
oSbeMHaa 3aMKHyrocTb 

|^(4*#- 1 )=o, 

r^e ^ ) „_ 1 - npoH3BOJibHaa 3aMKHyraa noBepxHOCTb h - ee AHtjxfiepeHHHajibHbiH 
3neMeHT, a TaK»ce KpHTepHH HHTerpajibHOH yCTOHHHBOCTH: a6cojnoTHaa 

MHHHMajIbHOCTb 

var JlaOO,*^""'!^, 

r^e npoH3BOJibHaa noBepxHOCTb c rpaHHiieii, a - ee AH(|»(})epeHLiHajibHbiH 

3neMeHT, h raoSajibHaa MHHHMajibHOCTb 

var |||a(x),*«" _1 || = 0, 

n„-iM 

r^e ^^,(1) - npoH3BOJibHafl npeAenbHaa (n-l)-noBepxHOCTb, T.e. TaKaa noBepxHOCTb 
c rpaHHiien, hto 

II©"- 1 ! ^0 h xe CltA*)- 
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3clM6THM npH 3T0M, HTO HHTerpajIBHBie KpHTepHH C(j)OpMyjIHpOBaHBI HHBapHaHTHO 

OTHOCHTentHO 3aM6HBi CHrHaTypBi eBKHHAOBa npocTpaHCTBa, a cpe^H 
AHfJxJjepeHiiHajiBHBix ycjiOBHH b 3aBncnMOCTH ot H3M6H6Hna CHrHaTypBi Tpe6yeTca 
oSpamemie AHBepreHHHH h onepaTopa Jlaruiaca. KpoMe Toro, b bcktophom aHajin3e 

yCTaHOBJICHO, HTO JIOKajIBHO Tpe60BaHHe KOCOH 3aMKHyTOCTH 3KBHBajI6HTHO 

jiaMHHapHOCTH (noTeHHHajiBHOCTH) noTOKa, a rapMOHHHHOCTB noTOKa (He nyraTB c 
rapMOHHHHOCTBK) fliKjxfiepeimiiajiBHBix 4»opM, aHHyjinpyeMBix onepaTopoM Jlaruiaca- 
BenBTpaMH) 3KBHBajieirrna coBMecTHOMy yzjOBJieTBopeiiHK) Tpe6oBaHHaM kocoh h 
npflMOH 3aMKHyrocTH. 

3. CBH3b HHTerpajibHbix h /in<])<])epcimiia.ibHbix xapaKTepncTHK noTOKa 

» {(*( \£\ n 3a .W ddj(x) 

a) \[a{x),(l))=0 <=> = - TeM caMBiM Kocaa 3aMKHyTOCTB 

oSecnenHBaeT OTcyTCTBHe noKajiBHoro BpameHHa noTOKa HacTHii. 

b) ^{a(x)*^ n ~ l )=0 <=> ^ ^ a ' — = - TeM caMBiM npaMaa 3 aMKHyro ctb 

oSecnenHBaeT OTcyTCTBHe noKajiBHoro B03HHKHOBemia (ncHe3HOBeHHfl) noTOKa 

HaCTHII. 



d 2 (p{x) 

— = U - TeM CaMBiM rapMOHHHHOCTB 



c) var Jl^jcjt^^O O £^^ = 

oSecnenHBaeT 3KCTpeMyM (f>yHKn,HOHajia HopMajiH30BariHoro noTOKa npn 

jiOKanBHBix BapHan,Hflx noTOKa Hacran,. 
HanoMHHM, hto norHHecKHe CBa3n a) h b) xoponio n3BecTHBi, npirqeM nepBaa 
ABJiaeTca npaMBiM cneACTBHeM TeopeMBi CTOKca, KOTopaa b TepMHHax CKanapiioro 
npoH3BeAeHHa AHffx^epeimHajiBHBix (J)opM (jjopMynnpyeTca KaK paBeHCTBO 



){a ,(j) )= \{da ,0) ), 



r^e d- BHeuiHHH AntJxftepeimHaji, Q m+1 (® m )- npoH3BOJiBHaa (npn ycjiOBHH, hto 
\<m<n-\) noBepxHOCTB c rpammeH <£ ffl , T.e. onpeAeneHO, hto dQ. m+l = ® m , a 
BTopaa aBJiaeTca cjieACTBHeM TeopeMBi CTOKca h nepecTaHOBOHHOCTH onepaTopa 
XoA^Ka, T.e. [a ,*b ) = \*a ,b j.B cmiy sthx npHHHH HMeeM: 

|(a,^)= J(da,d) 2 )=> da(x) = 0, 

*iW n 2 (*i) 

|(a,*^"- 1 )= *a,<&")=> d*a(x) = 0. 

*„-lM "»(*»-! ) 

Hto )ice KacaeTca jiorcrqecKoii CBa3n c), to OHa iiohth oneBHAHa ecjiH npimaTB bo 
BHHMaHHe, hto d,b = cos(a,b\ |£| h to, wto H3 varcosa = cneAyeT a = 0, a Taic 

KaK cos (gradft) (x)) = 1 , r#e (jc) - (jjopMa fliKfx^epeimiiajiBHoro 3JieMeirra 

noBepxHOcra ypoBHa, nojiHBiii npoo6pa3 KOTopoM b E 3a#aii ypaBHeriHeM 
(0 (x) = (0 (x ) , to d(x) = gradft) (x) aBJiaeTca noKajiBHBiM peuieHHeM BapHan,HOHHOH 
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3a/i,aHH, npHBa3aHHMM k ^H(J)(})epeHLiHajiBHOMy 3JieMemy noBepxHOcra. ,H,jia Toro, 

HT06bI 0CB060JIHTBCa OT 3TOH npHBfl3KH Sy^eM HCKaTB 3KCTpeMyM (JiyHKIIHOHana 

||graJ^)(x),*7f' ,-1 |, r^e 7t n _y{pc) - npczjejiBHaa noBepxHOCTB, cocTaBJieHHaa H3 n 

"n-l W 

rpaHeM napajuiejienHneAa K n , nocTpoeHHoro Ha OTHeceHHOM b TOHKy x 6a3nce 
(e, ) 7 , h accouHHpoBaHHaa c (jjopMOH ^7l n (e i ), r^e tt" - n -(j)opMa oGteMa 

napajuiejienHnejxa. A nocKOJiBKy (n -l)-(f>opMa '^7C n (e i ) jiyanBHa (b cmbicjic 

onepaTopa * ) KOBeieropy ?f "I • ^g. , to ycTpeMJiaa oSteM napaJuieJienHneAa k 



Hyjiio, nojiynaeM npe,a,eji 



lim J]srad<p(4*^"~ 



grad(p{x\Y,^i 



HTaK, HHTerpajiBHaa BapnaHHOHHaa 3aAana CBOJiHTca k jniffx^epeHUHajiBHOH 3ajxaHe 



var 



grad(p(x),Y,ei 



= 0, 



KOTopaa npn ycjiOBHH \gradcp(xj 2 = ^ 



var 



dx i 
d(p(x) _ 



i <**,■ 



= const o6panjaeTca b ypaBHeHHe 
-0, 



OTKyzja y»ce CJieAyeT, hto ee pememia ne»caT b oGnacTH rapMOHHnecKHx (fiyHKHHH 

A^)=£^ = 0. 

aXj 

TaKHM o6pa30M, jioicajiBHaa rapMOHHHHOCTB noTOKa, ycTaHOBJieHHaa bo bccm 

eBKJIHAOBOM npOCTpaHCTBe, 3KBHBajI6HTHa erO rJI06ajIBH0H MHHHMajIBHOCTH. 

4. MnHHMajibHbie (n-l)-noBepxHocTH 

,3,jia (n — l)-noBepxHOCTeH, HMeiomnx rpaHHuy, a TaK>Ke .zuia HeKOMnaierHBix (n — l)- 
noBepxHOCTeH, BJi05KeHHBix b n -MepHoe cbkjihaobo npocTpaHCTBO, onpeAeneHBi 
CJieAytomHe HHTerpajiBHBie xapaicrepHCTHKH ; 

a) a6cojiK)THaa MHHHMajiBHOCTB var =0,r,a,e <£ n _ 2 = d£l n l - (jjHKCHpoBaHa 

HJIH npOH3BOJIBHa, 

b) rjio6ajiBHaa MHHHMaJiBHOCTB var J|{& B-1 | = 0, r^e Q n _j(^;) - npoH3BOJiBHaa 

npejxeJiBHaa noBepxHOCTB. 
OflHaKO, 3th onpeAeneHHa He npeAOCTaBJiaiOT npaBHJi aBHoro nocTpoeHHa 

MHHHMajIBHBIX nOBepXHOCTeH, nOSTOMy Heo6xOAHMO nOJiyHHTB AH(J)(|)epeHII,HajIBHBIH 
KpHTepHH MHHHMajIBHOCTH. TaK, eCJIH JIOKajIH30BaTB Tpe6oBaHH6 rno6ajiBHOH 
MHHHMajIBHOCTH, TO HMCCM o6o6hJ,CHHBIH AH^epeHIHiajIBHBIH KpHTepHH 



var 



d>"- 1 



= 0, KOTOpBIH JierKO paCKpBITB, eCJIH 3aMeTHTB, HTO db" 1 = ^ G) j£{^j), T.e. 



AHfJxJjepeHHHajIBHBIH 3JieMCHT nOBepXHOCTH aCCOHHHpOBaH C nOBepXHOCTBK) n 
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rpaHefi cooTBeTCTByiomero KaHOHHHecicoro (nocTpoeHHoro Ha 6a3nce) n - 
napajiJiejiennneAa. ^chctbhtcjibho, nocKOJibicy |ft)" _1 | ={a) n ~ 1 ,cb"~ 1 )=^(co j ) 2 , to 

HM66M cncT6My BapnaHHOHHbix ypaBH6Hnii varft) . =0, j = l,..,n , a TaK KaK 

I\j OX; nj 

r^e npeAenbHaa noBepxHOCTb ypoBHs 3a^aHa ypaBHeHHeM 0)(x) = 0)(x ) bmcctc c 



yCJIOBHCM ^ 



dx. 



J 



= const , to HMecM yace CHCTeMy 
da>(x) 



var 



dx, 



= 0, j = l,..,n, 



KOTopaa jierKO o6pamaeTCfl b CHCTeMy AHtjxfiepeHHHajibHbix ypaBHeHHH 

a < \ v d 2 0)(x) _ . 1 



A; 



3x 



TaKHM 06pa30M, nOJiyneH KOHCTpyKTHBHbffl KpHTCpHH JIOKajIbHOH MHHHMajIbHOCTH, 

KOTopbifi k TOMy )Ke He Hcnonb3yeT BHyrpeHHioK) reoMeTpnio noBepxHOCTH. 



5. IlepCneKTHBbl lipMJIO/KCHIIJI 



Ecjih Tenepb o6paTHTbca k [2], r^e BbicKa3aHO npeAnoji05KeHHe oTHOCHTenbHO 

COnOCTaBJieHHa AHHaMHHeCKHX nOTOKOB C 06beKTHBH0H (J)H3HHeCKOH peajIbHOCTbK), 
TO CTaHCT flCHO, HTO nOJIOJKHTCJIbHblH OTB eT Ha BOnpOC, BblHeCCHHblH B pe3K)Me, 
BnOJIHe B03MO)K6H. 

^eMcTBHTenbHO, AHHaMHnecKHe npHHiinnbi npnpoAbi AonycicaiOT BapHauHOHHyio 
(J)opMynHpoBKy, KOTopaa ycTaHaBJiHBaeT 3KCTpeMajibHOCTb 4>yHKHHOHana achctbha. 
C Apyrofi ctopohw, Ha6nK)AaeMoe eBKJiHAOBO npocTpaHCTBO mojkct 6biTb 
paciunpeHO ao eBKHHAOBa npocTpaHCTBa BbicmeM pa3MepHOCTH h 3anojiHeHO 

AHHaMHHeCKHM nOTOKOM, 3BOJHOHHOHHpyK)III,HM OT MeHee yCTOHHHBOTO COCTOflHHa K 

6onee ycTOHHHBOMy b uejiOM, ho (JuiyKTynpyiOHiHM b ManoM. Tor^a momcho 
npoBec™ conocTaBJieHHe sbojhohhh BceneHHOH c 3BOjnoHHeH rno6ajibHO 
MHHHManbHoro noTOKa k a6cojnoTHO MHHHManbHOMy, a BHyTpcHHioK) CTpyKTypy 

HaCTHH,, (J)H3HH6CKHX nOJieH H BaKyyMa COnOCTaBHTb C MHHHMajIbHblMH nOTOKaMH 
pa3JIHHHOH CTeneHH JIOKajIH3aHHH, TOnOJIOTHH H CTa6HJIbHOCTH, HaKOHdl,, B03M05KHO 

conocTaBJieHHe (ftyHKHHOHajia flencTBHfl c HHTerpajibHOH HopManrooBaHHOH Mepon 
opToroHanbHOH npoeKiiHH AHHaMHHecicoro noTOKa Ha Ha6jnoAaeMoe cbkhhaobo 
noAnpocTpaHCTBO . 

TaKHM o6pa30M, npeACTaBJieHHoe 3,a,ecb HCCJieAOBaHHe CJie^yeT oraecTH k oahoh h3 

B03MO)KHbIX KOHIienHHH MaTCMaTHHCCKOTO OCHOBaHHfl (j)H3HKH, a 3aTeM npOBCCTH 

npoBepKy MaTeMaTHHecKOH Teopnn 4>H3HHecKOH npaKTHKOH. 
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